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1 Motivation
Holmes’ and Lipo’s book [1] on pulse width modulation (PWM) is a comprehensive work
regarding the use of PWM in power converters. Among many other aspects, it contains the
mathematical derivation of voltage waveform for PWM with different kinds of sampling,
carrier shapes, number of phases, voltage and current source inverters, or even for multilevel
converters.
All equations of the voltage waveforms in the book are given in a way so they directly
represent their spectral components. However, for the purpose of supraharmonic modeling
under certain conditions it may be more suitable to see these individual components as
integral parts of the corresponding emission bands. The goal of this paper is to change
the original equation to show that all components in an emission band share a common
frequency and phase relation. This proves that each emission band can be seen as a single
spectral component with a well defined RMS value, frequency and phase, but which is
amplitude-modulated within a fundamental period of the network frequency. This fact
can then be used as the mathematical basis to describe each emission band as a single,
aggregated pseudo-phasor. This result is necessary as the mathematical substantiation for
simplifications in future supraharmonic modeling approaches.
Phasors in general are defined to have a constant magnitude. The newly defined pseudo-
phasor, however, is amplitude modulated but with a constant RMS value over interger
periods of the network frequency. The pseudo-phasor is therefore no longer compatible
with the definition of the frequency domain or the Fourier Transform, but is still valid
within the Hilbert domain.
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2 Derivation
The voltage controller output (CO), which is the intended voltage at the H-bridge terminals
a and b (see Figure 1) shall be defined as
uabCO(t) = UabCO ·
√
2 cos(ω0 t+ ϕ0). (1)
The mathematical represenation of the waveform of the voltage of single-phase voltage-
source inverters using PWM with natural sampling and a triangular carrier is given in [1]
in equation (4.6) on page 160 as
uab(t) = 2 · Udc ·M · cos (ω0 · t) +
8Udc
pi
∞∑
m=1
∞∑
n=−∞
1
2m
J2n−1(mpiM) · cos ([m+ n− 1]pi) · (2)
cos (2mωc · t+ [2n− 1]ω0 · t) m,n ∈ Z
with the modulation index M
M =
UabCO√
2 · Udc
. (3)
The equation (2) is derived by combining the spectra of two individual converter legs, each
using half of the DC link voltage Udc (see Figure 1). ω0 is the AC network frequency and
ωc is the carrier signal frequency, and Jχ(x) are Bessel functions of the first kind of order χ.
The following changes to this representation are made:
• In this paper the full DC link voltage UDC is used.
UDC = 2 · Udc (4)
• The network frequency will be represented as ωN.
• In [1], the phase angles of the carrier and fundamental network voltage are neglected.
These are reintroduced as ϕc and ϕN.
Figure 1: Equivalent circuit of a power converter H-bride with split DC link voltage,
from [1], Figure 4.1 on page 156
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• For integer values of m and n the term cos ([m+ n− 1]pi) results in values of one
with alternating signs. It is replaced by its equal term
cos ([m+ n− 1]pi) = (−1)m+n−1 = 1
(−1)m+n−1 . (5)
The resulting representation of the voltage at the H-bridge is
uab(t) = UDC ·M · cos (ωN · t+ ϕN) +
2UDC
pi
∞∑
m=1
∞∑
n=−∞
J2n−1(mpiM)
m · (−1)m+n−1 · (6)
cos (2m [ωc · t+ ϕc] + [2n− 1] [ωN · t+ ϕN])
with
M =
√
2 · UabCO
UDC
. (7)
This can be split into the intended fundamental component uabCO(t) and the parasitic
supraharmonic distortion (SHD) components uab SHD(t).
uab(t) = uabCO(t) + uab SHD(t) (8)
uabCO(t) = UDC ·M · cos (ωN · t+ ϕN) (9)
uab SHD(t) =
2UDC
pi
∞∑
m=1
∞∑
n=−∞
J2n−1(mpiM)
m · (−1)m+n−1 ·
cos (2m [ωc · t+ ϕc] + [2n− 1] [ωN · t+ ϕN]) (10)
The equation (10) shows that the supraharmonic spectrum consists of an infinite number
of emission bands of order m, each composed of an infinite number of spectral compo-
nents of order n. For the desired changes in the equation, only the second sum of the
supharmarmonic distortion component Ψ(m, t) needs to be considered.
uab SHD(t) =
2UDC
pi
∞∑
m=1
Ψ(m, t) (11)
Ψ(m, t) =
∞∑
n=−∞
J2n−1(mpiM)
m · (−1)m+n−1 · cos (2m [ωc · t+ ϕc] + [2n− 1] [ωN · t+ ϕN]) (12)
To shorten the representation, the variables α and β are introduced.
α(m, t) = 2m [ωc · t+ ϕc] (13)
β(t) = [ωN · t+ ϕN] (14)
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The equation (12) is simplified and the sum is split at n ≥ 1.
Ψ(m, t) =
∞∑
n=1
J2n−1(mpiM)
m · (−1)m+n−1 · cos (α + [2n− 1] β) +
−∞∑
n=0
J2n−1(mpiM)
m · (−1)m+n−1 · cos (α + [2n− 1] β) (15)
The sum for negative values of n in equation (15) is converted, so its index will use the
identical values as that for the sum of the positive values using the transformation
n = −n′ + 1 n′ ∈ Z (16)
2n− 1 = −2n′ + 1 (17)
leading to
Ψ(m, t) =
∞∑
n=1
J2n−1(mpiM)
m · (−1)m+n−1 cos (α + [2n− 1] β)
+
∞∑
n′=1
J−2n′+1(mpiM)
m · (−1)m+(−n′+1)−1 cos (α + [−2n
′ + 1] β) . (18)
For integer values of the order χ, Bessel functions of the first kind Jχ(x) with negative
orders can be converted to positive orders using the relationship
J−χ(x) = (−1)χ · Jχ(x). χ ∈ Z (19)
As all orders of the Bessel functions in the second sum in equation (18) χ = −2n′ + 1 are
odd, this results in
J−2n′+1 = (−1) · J2n′−1 . (20)
For any values of the integer µ, the relationship
(−1)µ = (−1)−µ µ ∈ Z (21)
is valid, so the term (−1)m+(−n′+1)−1 can be transformed to
(−1)m+(−n′+1)−1 = (−1) · (−1)m+n′−1 . (22)
Therefore, the equation for Ψ(m, t) can be changed to the following form
Ψ(m, t) =
∞∑
n=1
J2n−1(mpiM)
m · (−1)m+n−1 cos (α + [2n− 1] β)
+
∞∑
n′=1
(−1)
(−1) ·
J2n′−1(mpiM)
m · (−1)m+n′−1 cos (α + [−2n
′ + 1] β) , (23)
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where the two (−1) cancel out. Due to the applied substitutions, the sums can now be
combined again into a single sum.
Ψ(m, t) =
∞∑
k=1
J2 k−1(mpiM)
m · (−1)m+k−1 · [cos (α + [2 k − 1] β) + cos (α− [2 k − 1] β)] (24)
With the trigonometric identity
cos(δ ± γ) = cos(δ) cos(γ)∓ sin(δ) sin(γ) (25)
the two cosine terms can be rearranged to
cos (α + [2 k − 1] β) + cos (α− [2 k − 1] β) =
cos(α) cos([2 k − 1] β)− sin(α) sin([2 k − 1] β) (26)
+ cos(α) cos([2 k − 1] β) + sin(α) sin([2 k − 1] β) ,
leading to
cos (α + [2 k − 1] β) + cos (α− [2 k − 1] β) =
√
2 cos(α) ·
√
2 cos([2 k − 1] β). (27)
Then the equation (27) is interted into (24).
Ψ(m, t) =
√
2 cos(α) ·
∞∑
k=1
J2 k−1(mpiM)
m · (−1)m+k−1 ·
√
2 cos([2 k − 1] β) (28)
By inserting equation (28) into (11), as well as reversing the substitution of α and β, the
new representation of the supraharmonic distortion component uab SHD(t) is found.
uab SHD(t) =
2UDC
pi︸ ︷︷ ︸
(I)
·
∞∑
m=1
1
m︸︷︷︸
(II)
·
√
2 cos(2m [ωc · t+ ϕc])︸ ︷︷ ︸
(III)
·
∞∑
k=1
J2 k−1(mpiM)
(−1)m+k−1︸ ︷︷ ︸
(IV)
·
√
2 cos([2 k − 1] [ωN · t+ ϕN])︸ ︷︷ ︸
(V)
(29)
The equation (29) consists of five main components, which are interpreted as follows:
(I) Scaling factor: It is dependent of the DC link voltage only.
(II) Emission band scaling: The magnitude of each emission band decreases with increas-
ing order.
(III) Emission band modulation: The emission band of order m has the frequency 2mωc
and the phase 2mϕc. This modulation is neutral regarding the RMS value of the
emission band.
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(IV) Emission band harmonic scaling: Each emission band is formed by an infinite number
of harmonics, which are each a combination of a pair of spectral components from
equation (6). This section scales the magnitude of each such harmonic.
(V) Emission band harmonic modulation: This section performs the modulation of each
emission band harmonic. It contains only odd harmonics of orders ν = [2 k − 1].
The frequency and phase of each harmonic are ν ·ωN and ν ·ϕN. This modulation is
neutral regarding the RMS value of the emission band harmonic.
3 Conclusions and Interpretations
Pseudo-phasor
The amplitude-modulated, rotating pseudo-phasor u˜Bmab (t) for the emission band of order
m is the analytical signal
u˜Bmab (t) = uab SHD(m, t) + j · H {uab SHD(t)} (30)
of the voltage in equation (29), where H{χ} is the Hilbert transform of χ.
u˜Bmab (t) =
[
4UDC
mpi
·
∞∑
k=1
J2 k−1(mpiM)
(−1)m+k−1 · cos([2 k − 1] [ωN · t+ ϕN])
]
· e j 2m[ωc·t+ϕc] (31)
RMS value
The RMS voltage of themth emission band at the H-bridge terminals UBmab is the product of
the RMS voltages of the sections (I) and (II), and the RMS value of the sum of section (IV).
UBmab =
2UDC
pi
· 1
m
·
√√√√ ∞∑
k=1
[J2 k−1(mpiM)]
2 (32)
RMS phasor
Therefore, the rotating RMS phasor for the emission band of order m is
UBmab (t) =
2UDC
pi
· 1
m
·
√√√√ ∞∑
k=1
[J2 k−1(mpiM)]
2
 · e j 2m[ωc·t+ϕc]. (33)
Harmonics of the amplitude modulation
The waveform of each emission band contains an infinite number of harmonics of order
ν = 2 k− 1. The waveform of each harmonic u(ν)ab SHD(m, t) can be directly calculated from
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equation (29) by considering only a single component m and k in each sum.
u
(ν)
ab SHD(m, t) =
2UDC
pi
· 1
m
·
√
2 cos(2m [ωc · t+ ϕc])·
Jν(mpiM)
(−1)m+k−1 ·
√
2 cos(ν [ωN · t+ ϕN]) (34)
The envelope of each harmonic u(ν)ab SHD of order ν = 2 k − 1 of the mth emission band can
be calculated by taking the absolute value of each component of the amplitude modulation
of the rotating pseudo-phasor. This is equivalent to removing the modulation with the
emission band frequency cos(2m [ωc · t+ ϕc]) from equation (34).
u
(ν)
ab SHD(m, t) =
√
2 · 2UDC
pi
· 1
m
· J2 k−1(mpiM)
(−1)m+k−1 ·
√
2 cos([2 k − 1] [ωN · t+ ϕN]) (35)
In Figure 2 the waveforms and envelopes for the first three harmonics (k = 1 . . . 3) and
the sum of the first five harmonics of the first emission band m = 1 are shown for an
examplary case.
Figure 2: Individual harmonics and their envelopes of the first emission band m = 1 of the
voltage at the terminals of an H-bridge uab SHD(t) for natural sampling using a
triangular carrier, fc = 1 kHz, UDC = 400 V, UabCO = 230 V, fN = 50 Hz
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